The equations of post-Newtonian hydrodynamics are solved appropriately for a uniformly rotating homogeneous mass with symmetry about the axis of rotation. The post-Newtonian figure is obtained as a deformation of the Newtonian Maclaurin spheroid (with semi-axes a\ and 03, say) by a Lagrangian displacement proportional to
where gj denotes the distance from the axis of rotation and x\ and x 2 are the Cartesian coordinates in the equatorial plane. It is shown that the equation defining the boundary of the post-Newtonian configuration is of the form where is a determinate function of the eccentricity e of the Maclaurin spheroid and i? S c (= 2GM/c 2 ) is the Schwarzschild radius. The function *S2t(e) is tabulated in the paper. Further, the angular velocity of rotation of the post-Newtonian configuration differs from that of the Maclaurin spheroid by an amount which is also tabulated.
The solution of the post-Newtonian equations exhibits a singularity at a certain eccentricity e*(= 0.985226) of the Maclaurin spheroid. The origin of this singularity is that at e* the Maclaurin spheroid allows an infinitesimal neutral deformation by a displacement proportional to £( 2 ); and the Newtonian instability of the Maclaurin spheroid at e* is excited by the post-Newtonian effects of general relativity.
I. INTRODUCTION
In a recent paper (Chandrasekhar 1965 ; this paper will be referred to hereafter as "Paper I") the effect of general relativity, in the post-Newtonian approximation, on the equilibrium of uniformly rotating homogeneous masses was considered in terms of a suitably generalized form of the Newtonian tensor virial theorem. The principal result of that paper was the establishment of the relation __ SB33 ~ £Bii Rs c , . wGp (TrGp)In ai 6 ' (i) where SB# and denote the potential-energy and the moment of inertia tensors, E(e) is a certain function (defined in that paper; see also eq.
[30] below) of the eccentricity of the Maclaurin spheroid (whose semi-major axis is ai) and Rsc(= 2GM/c 2 ) is the Schwarzschild radius.
As was stated in Paper I, the derivation of equation (1) does not, by any means, solve the problem of the equilibrium: the complete specification of the figure must inevitably depend on the explicit solution of the equations governing the equilibrium in the postNewtonian approximation. It is the object of this paper to provide that solution.
NEWTONIAN EFFECTS 335 II. THE BASIC EQUATIONS
The equations governing the equilibrium of a configuration rotating uniformly with an angular velocity Q about the ^3-axis, in the post-Newtonian approximation, are d dXft (,tv^ 
For the case we are presently considering, we may write Ui = -i®2 and
where
and the integration is effected over the entire volume V occupied by the fluid.
In our further discussion of the foregoing equations, we shall restrict ourselves to the case when the system has symmetry about the axis of rotation. Then all scalar quantities such as p, p, U, a, etc., will be functions of oí = V(#i 2 + x 2 2 ) and z ^ x 3
only. It is also clear that, in the case of axisymmetry, we can write ©i = xi3)(o7,s) and £) 2 = x 2 £)(&,z), (io> where J)(o7,s) is a solution of the equation
Now Krefetz (1965) has shown that under circumstances of axisymmetry equation (2) governing the equilibrium can be brought to the form [l-^(n+£)]J^-=p (t0 4 ® 4 +2 í/0 2 cd 2 +2í>-4í2 2 cj 2 2)) J . U2)
As in Paper I we shall consider a configuration in which the energy-density e(= pc 2 + II) is a constant throughout. This assumption, that e is a constant, is formally equivalent to the assumption p = constant and II = 0 and the assignment to p the meaning 336 S. CHANDRASEKHAR Vol. 147 of e/c 2 . We shall continue our consideration of equation (12) The problem now is to determine the equation governing the surface of the equilibrium figure such that the pressure given by equation (14) vanishes identically on it.
III. THE TERM THAT IS EXPLICITLY POST-NEWTONIAN IN THE PRESSURE INTEGRAL
In evaluating the term that is explicitly post-Newtonian in equation (14), we may legitimately use relations and equations that are valid in the Newtonian limit when the equilibrium figure is a Maclaurin spheroid. The relevant relations and equations are (cf. Paper I, eqs.
[15]- [18] and [25] ) and
where the index symbols A a , A a ß, etc., are so normalized that 2A a = 2. (Note that in the case we are presently considering, namely, when ai = 02, the value of any index symbol is unaltered if the subscript 2 is replaced by 1 wherever it may occur.) In terms of the potential U and ^ ^ f pix^XaXß' j , £)aß{x)=G -j 71 dx , Av \ x -x \ the solution for can be explicitly written down. Thus,
It is known that (cf. Chandrasekhar and Lebovitz 1962, eqs. [68] Finally, making use of equations (15)- (17) and (22), we find that equation (14) takes the form (fí 2 is measured in the unit irGp in the terms on the right-hand sides of the foregoing equations.)
It should be noted that, in equation (23), U is the Newtonian gravitational potential of the deformed (as at present, unknown) figure which the body assumes in the postNewtonian approximation. Similarly ß (in the centrifugal potential Jß 2 &J 2 ) is not necessarily the same (to order 1/c 2 ) as that of the Maclaurin spheroid which was used in the evaluation of the terms that are explicitly post-Newtonian. 
Multiplying equations (25) and (26) 
From equations (27) we obtain the éliminant relation
we can rewrite equation (28) in the form (cf. eq.
IV. THE NATURE OF THE POST-NEWTONIAN DEFORMATION
We shall suppose that the post-Newtonian figure is obtained by a deformation of the classical Maclaurin spheroid by the application of a suitable Lagrangian displacement at each point of its interior and boundary. Since the density has to remain constant, before and after the deformation, the displacement must, in all events, be divergence free. For the sake of convenience and also for emphasizing that we are considering an effect of order 1 /c 2 , we shall denote the required Lagrangian displacement by
In virtue of this displacement, the bounding surface, 
On consideration, it appears that the requirement that S{x) be axisymmetric and the fact that the post-Newtonian term, already present in the expression (23) for p/p, is quadratic in a 2 and z 2 restrict us to displacements Ç which are linearly dependent on the following three:
We shall suppose then that
( 38) where Si, S2, and 53 are certain constants. For a displacement of this form, the equation for the bounding surface is While equation (39) determining S{x) involves the three constants Si, S2, and Sz, only two of them are independent modulo the spheroid 5m c To see that this is the case, we first observe that the terms in 52 and 5 3 in equation (39) can be combined in the manner
An equivalent form of equation (39) are, modulo the spheroid 5mc, entirely equivalent. The displacements Ç (1) , Ç (2) , and Ç
are, therefore, not linearly independent modulo the spheroid.
From the foregoing theorem we may conclude that all the physically significant quantities must depend on Si, S2, and Sz only through the linear combinations Si+i aï 01 s and S'*-1^-S' 3^2^3 *
We shall verify that this is indeed the case. And finally a remark on the choice of the spheroid 5m c as the figure for comparison with the post-Newtonian configuration: it is clear that as far as the terms that are explicitly post-Newtonian in equations (14) and (23) are concerned, any spheroid with axes which differ from those of 5m c by amounts of order 1/c 2 would have served just as well. To that extent the choice of 5i is arbitrary since the displacement Ç
(1) simply deforms the spheroid 5mc into a neighboring one with axes which are slightly different (by amounts of order 1/c 2 ); but it is relevant for fixing the angular velocity of the post-Newtonian configuration relative to that of the comparison spheroid. In § V we shall derive an equation which relates the angular velocity of the Maclaurin spheroid with that of the post-Newtonian configuration derived from it by the application of the displacement (38).
V. THE RELATION BETWEEN THE ANGULAR VELOCITIES OE THE NEWTONIAN AND THE POST-NEWTONIAN CONFIGURATIONS
Since the post-Newtonian configuration is to be obtained by the deformation of a Maclaurin spheroid by the application of a Lagrangian displacement, we can write
where 2B 33 and 3Bn refer to the post-Newtonian figure and 53®¿y and bln are the first variations in 3®¿y(Mc) and /¿/Me) caused by the deformation. Remembering that
we can rewrite equation (45) (49) and (50) 
and this is the desired relation. Notice that in this relation Si, 52, and S 3 occur only in the combinations (44). The principal conclusion to be drawn from the discussions of this and the preceding section is that, as far as the solution of the physical problem is concerned, no generality need be lost by setting Si = S 3 = 0. We shall, nevertheless, retain the terms in Si and S3 to see how "mathematical analysis brings us back to the common sense view" (Jeans). 
(58) X -X For the particular displacements ^( ¿) specified in equations (35)- (37), the required variations 5Z7
(i) can be expressed in terms of the potentials T) a (cf. eq.
[8]) and 
Pa = an + S2Uij i2) + SsUij (S) (ij =11, 13, and 33) . (74) The additive constant in equation (71) is now of order l/c 2 ; and in equation (72) ôoe 2 is the quantity in braces in equation (55) 
Now it is shown in Appendix I that among the coefficients Ui (n) and Uij^n ) the following relations obtain: 
and Pij = a iy + (g 2 -I ÿ S3) Mi/ 2 ) (¿7 = 11, 13, and 33). (79) The facts, that the coefficients Pi and Pij in the solution for the pressure involve the constants Si, S 2 , and S3 only in the combinations (45) and further that these combinations occur precisely in the places of Si and S 2 (corresponding to the two displacements [43] being equivalent modulo the spheroid), imply that no loss of generality is entailed by setting S 3 = 0 .
Accordingly, setting S 3 = 0 in equations (77)- (79), we have Pi = ai + 0i 2 Si i 0i< 1 > + S 2^i < 2 > + MP13 -f0i 2 (0i 2^n -20 3 Mi3)(7Si + 4S 2 )], (8i) 4 Qn -az^Qzz + a^Qi -af'Qz = 0 .
We are, therefore, provided with two equations; and it might be assumed that the two equations will exactly suffice to determine the two "unknown" constants Si and S 2 . However, we shall show that neither of the two equations {89) involves Si; that the two equations are simply multiples of one another; and that, as a result, while S2 is uniquely determined, Si is left undetermined. Writing out the conditions (89) On substituting for ^i (1) and Uz^ from equations (66), we find that the expression (92) becomes and on simplification this last expression is found to vanish. 2 Thus, as stated neither, of the two equations (89) contains terms in Si; it is accordingly left undetermined. This last fact is in agreement with the view arrived at earlier in § V on "common sense." We shall return to the meaning of this indeterminancy in the solution later in this section.
Equations (90) and (91) are thus seen to become two equations for determining the single constant S2. Therefore, in order to be consistent, the two equations must be simple multiples of one another. To show that this is indeed the case we shall first rewrite equations (90) and (91) 
(95) + aiW 2) -a 3 2 #3 (2) -2aiW^3 -^aiK^An -2a3 2^4 i3)]S 2 = 0.
On substituting for E13 from equation (29), we find that the constant term in equation (95) is -\{aAan + az A dzz -0i 2 a3 2 ai3) ;
and this, we observe, is exactly -^ °i: the constant term in equation (94). Therefore, in order that equations (94) and (95) 
c Accordingly, the free choice we have in selecting the amplitude of the displacement £ (1) corresponds to the free choice we have in selecting a particular Maclaurin spheroid (among neighboring ones) for comparison with the post-Newtonian configuration; and the availability of this choice has clearly no physical content. Therefore, for the purposes of delineating the post-Newtonian Maclaurin sequence, we may, without any loss of generality, set 5i=0.
With this understanding, the figure of the post-Newtonian configuration, neighboring a given Maclaurin spheroid, is determined by the equation 
where S2 is given by equation (99) ; and the corresponding angular velocity of rotation is determined by the equation (eq.
[55] with 5i and 53 set equal to zero)
The solution of the problem is now completed.
VIII. NUMERICAL RESULTS
The post-Newtonian effects of general relativity are most conveniently expressed in terms of the parameter
In terms of this parameter, the solutions (102) and (103) 
In Table 1 we list the values 5 2 , 5 2 f, and 0iófí 2 /(wGpRsc) for various values of the eccentricity of the comparison Maclaurin spheroid; and in Table 2 we similarly list the values of the coefficients Pi, P 3 , etc., which occur in the solution (71) for the pressure.
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S. CHANDRASEKHAR From Tables 1 and 2 it is manifest that the solution is singular at £*^0.985226.
The origin of this singularity is explained in § IX.
IX. THE ORIGIN OF THE SINGULARITY AT 6* It is apparent from equation (99) for S2 that the solution of the post-Newtonian configuration will have a singularity along the Maclaurin sequence where As we have seen this condition is met at e* where the singularity occurs. We shall now show that the condition (109) is precisely the same as for the occurrence of a neutral point along the Maclaurin sequence for a deformation by a Lagrangian displacement proportional to £ (2) (cf. eq.
[36]). Consider then the deformation of a Maclaurin spheroid by the displacement £(2) = (110) Gl where S2 is now an infinitesimal constant. We shall suppose that the deformation leaves the equilibrium unaffected (as is appropriate for a neutral point); and we shall obtain the condition for this to be the case.
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We have already seen (cf. eq. [97] ) that equation (120) is of equation (119). It follows then that the necessary and sufficient condition, that the Maclaurin spheroid allows an infinitesimal neutral deformation by a displacement of the form {110), is that equation {119) is satisfied.
It is now apparent why the solution for the post-Newtonian configuration diverges at e * : the Newtonian instability of the Maclaurin spheroid ate* is excited by the post-Newtonian effects of general relativity.
X. CONCLUDING REMARKS
The completion of the solution of the post-Newtonian equations for the case of uniformly rotating homogeneous bodies with axial symmetry suggests the extension of the solution to include triaxial configurations which will arise from the relativistic deformation of the Jacobian ellipsoids. This extension of the present analysis will be considered in a separate paper.
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APPENDIX I
In this Appendix we shall indicate how the relations (76) 
